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Review of Attitude Representations Used for Aircraft Kinematics
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A detailed survey is presented of the literature on attitude representation dating from the early work of Euler and
Hamilton to recent publications in fields such as navigation and control. The scope is limited to the development
of the aircraft kinematic transformation equations in terms of four different attitude representations, including
the well-known Euler angles, the Euler-axis rotation parameters, the direction cosines, and the Euler-Rodrigues
quaternion. The emphasisis directed at the application of the quaternionformulationto aircraft kinematics. Results
are presented that reinforce observations that the quaternion formulation, typically implemented to eliminate
singularities associated with the Euler angle formulation, is far superior to the other commonly used formulations
based on computational efficiency alone. A development of quaternion constraints necessary to independently
constrain roll, pitch, yaw, bank angle, elevation angle, and/or azimuth angle is presented. For verification of
simulation codes, a general closed-form solution to the quaternion formulation, for the case of constant rotation, is
also presented. Additionally, a discussion is provided of numerical integration methods and numerical errors for
the quaternion formulation. This discussion is especially important for simulations that may still utilize a common
error reduction scheme originally developed for analog computers.

Nomenclature

arbitrary quaternion

arbitrary quaternion

direction-cosine matrix

Euler axis vector

x component of Euler axis vector

y component of Euler axis vector

z component of Euler axis vector

Euler-Rodrigues quaternion

renormalized Euler-Rodrigues quaternion

x component of Euler-Rodrigues quaternion

y component of Euler-Rodrigues quaternion

z component of Euler-Rodrigues quaternion

scalar component of Euler-Rodrigues quaternion
time derivative of Euler-Rodrigues quaternion
conjugate of Euler-Rodrigues quaternion
acceleration of gravity

identity matrix

unit vector in the x direction, Earth-fixed coordinates
unit vector in the x, direction, body-fixed coordinates
unit vector in the y direction, Earth-fixed coordinates
unit vector in the y, direction, body-fixed coordinates
unit vector in the z direction, Earth-fixed coordinates
unit vector in the z, direction, body-fixed coordinates
gain coefficient

matrix in the quaternion rate equation

rolling rate, body-fixed coordinates

arbitrary quaternion

x component of arbitrary quaternion

y component of arbitrary quaternion

z component of arbitrary quaternion
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scalar component of arbitrary quaternion

conjugate of arbitrary quaternion

pitching rate, body-fixed coordinates

yawing rate, body-fixed coordinates

temporary quaternion

x component of temporary quaternion

¥y component of temporary quaternion

z component of temporary quaternion

scalar component of temporary quaternion

time

axial or x, component of airspeed, body-fixed
coordinates

airspeed vector

wind vector

x component of wind, Earth-fixed coordinates

y component of wind, Earth-fixed coordinates

z component of wind, Earth-fixed coordinates
sideslip or y, componentof airspeed, body-fixed
coordinates

arbitrary vector

x component of arbitrary vector, inertial coordinates
x component of arbitrary vector, body-fixed coordinates
y component of arbitrary vector, inertial coordinates
y component of arbitrary vector, body-fixed coordinates
z component of arbitrary vector, inertial coordinates
z component of arbitrary vector, body-fixed coordinates
normal or z;, component of airspeed, body-fixed
coordinates

x coordinate, inertial coordinates

x coordinate, body-fixed coordinates

y coordinate, inertial coordinates

y coordinate, body-fixed coordinates

z coordinate, inertial coordinates

z coordinate, body-fixed coordinates

time step

orthogonality error

total rotation angle

Euler elevation angle or pitch attitude

Euler bank angle or roll attitude

general Euler angle

Euler azimuth angle or heading

angular velocity vector
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Introduction

HE numerical simulation of motion with six degrees of free-

dom (six DOF) is important in many areas of modern tech-
nology, ranging from computer animated film making to the de-
velopment of aircraft and spacecraft flight simulators. For these
varied applications, there is a need to describe both position and
orientation in either an inertial coordinate system or a noninertial
coordinate system. With specific application to aircraft flight, one
common method for describing attitude is through the use of Euler
angles. The Euler angle formulation contains a singularity known
as gimbal lock. As a result, alternative methods for relating non-
inertial coordinates to inertial coordinates have been developed.
One such formulation employs quaternion algebra to remove the
singularity.

Several mechanics textbooks introduce quaternions as part of
the treatment of generalizedrigid-body motion."?> Quaternions are
applied to a diverse set of rigid-body motion problems ranging
from simulations of nanotechnology; underwater tethers,* vehi-
cle navigation® robotics,/~!" molecular dynamics,'? and electro-
magnetic fields'® to computer visualization and animation.'*~'¢ In
the early 1990s, Chou'” published a review article on quaternion
kinematics for the robotics community. Also published in the early
1990s, Shuster'® provides a review of vector/matrix algebra and
attitude representations used by the spacecraft community includ-
ing Euler angles, direction cosines, axis-azimuth representations,
Euler-Rodrigues symmetric parameters, Rodrigues or Gibbs pa-
rameters, and Cayley-Klein parameters.

What is lacking is a current, thorough review of attitude kine-
matics directed primarily toward the aircraft simulation and mod-
eling community. To support this point of view, a survey of re-
centand classicintroductoryatmospheric flight mechanic textbooks
shows no'”3! or very limited®>3? discussion of quaternions, de-
spite the wide use of the quaternion formulation in simulating air-
craft motion.>*3 The need for a review of attitude kinematics for
the aircraft community is underscored by the use of quaternion in-
tegration schemes employed on today’s digital computers, which
were developed originally for analog simulations in the 1950s and
early 1960s. An early application of quaternions to analog com-
puter simulation of aircraft and missile motion was developed by
Robinson®**” and popularized by Mitchell and Rogers.*® Because
these analog computer simulations were inherently first order, the
raw quaternion formulation did not work well. When such sim-
ulations were run, the magnitude of the quaternion would grow
quite rapidly with time. Because the formulation requires the mag-
nitude of the quaternion to remain unity, these large errors would
render the simulations almost useless. To remedy this problem,
techniques were developed to reduce this computer error. One er-
ror reduction scheme, due to Corbett and Wright,** worked quite
well when used with the analog computers of that era. Its use is
no longer necessary with the higher-order integration techniques
available on today’s digital computers. However, the Corbett-
Wright correctionis still presented as necessary in the development
of quaternion kinematics in recently published aeronautics text-
books. 3340

In simulating six-DOF aircraft motion, Newton’s second law is
most conveniently written in terms of a noninertial coordinate sys-
tem fixed to the moving aircraft. Position and orientation are most
conveniently described in terms of an Earth-fixed coordinate sys-
tem, which for all practical purposes can be considered to be an
inertial coordinate system. Here the inertial or Earth-fixed coor-
dinate system will be designated x, y, and z and the noninertial
or body-fixed coordinate system will be designated x,, y,, and
Z,. The orientations of these two coordinate systems relative to
the Earth and the aircraft are shown in Fig. 1. The position of
the aircraft is specified by the location of the origin of the non-
inertial frame with respect to the inertial frame, and the orienta-
tion of the aircraft is specified in terms of the orientation of the
noninertial frame relative to the inertial frame. To develop a com-
plete six-DOF formulation, some means of transforming arbitrary
vectors between noninertial coordinates and inertial coordinates is
required.

West

South

West

South

Fig. 1 Comparison between the Euler angle rotations and the Euler
axis rotation.

Euler Angle Formulation

The orientation of the noninertial reference frame relative to the
inertial reference frame can be described in terms of three consec-
utive rotations through three body-referenced Euler angles. There
are 12 possible ways to define 3 independentbody-referenced Euler
angles. When started from the inertial reference frame, three con-
secutive rotations are performed, each about one of the three body-
referenced axes, to arrive at the final noninertial reference frame.
The only restriction required to provide three DOF is that no two
consecutive rotations can be about the same axis. With this restric-
tion, there are six symmetric sets of Euler angles,

Px = Py = Pxs

Px ™ P = Pu, Py = Px 7 Py

Py = Y = Py, Yz =™ Ox =7 Pz Yz = Oy = ¢

and six asymmetric sets,

POx = Py = ¢z, Px = Oz = @y, @y = Ox 7 ¢

Py = Pz = Px, Pz = Ox = @y, P = @y = P

Any of these 12 Euler angle sets can be used for attitude represen-
tation. For example, orbital mechanics and the quantum theory of
angular motion use primarily the ¢, — ¢, — ¢, formulation*' =+
The rotation matrix for each of the 12 sets of Euler angles are pre-
sented by Tandon.** Graphical methods to illustrate the Euler angle
transformations are also available *~47

The aeronautics community commonly uses the last of the rota-
tionsequences,p, — ¢, — ¢,. These three Euler angles,commonly
written ¥, 6, and ¢, are the azimuth angle or heading, the elevation
angle or pitch attitude, and the bank angle or roll attitude, respec-
tively. For this particular set of Euler angles, the orientation of the
body-fixed frame, x,, y,, and z,, relative to the Earth-fixed frame, x,
¥, and z, is described by performing the three consecutive rotations
in the specific orderas follows. First, the Earth-fixed frame is rotated
about the z axis through an angle . Next, the revolved reference
frame is rotated about the new y axis through an angle 6. Finally,
the revolvedreference frame is rotated about the new x axis through
an angle ¢, to arrive at the final body-fixed reference frame. This set
of Euler anglesis shown in Fig. 1. Readers should be cautioned that
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other rotation sequences have been associated with the aeronautics
community, for example, ¢, = ¢, = ¢, (Ref. 48).

With the usual Euler angle definitions,consideran arbitrary vector
v having components v,, vy, and v, in the inertial coordinate system
and having components v,,, vy,, and v,, in the noninertial coordi-
nate system. When the notation S, = sin(x) and C, = cos(x) is
used, the transformation of this vector from inertial coordinates to

noninertial coordinates is given by?>44+49-30
Uy, 1 0 0 C(.) 0 —Sg C(/, S(/, 0
Uy, =1{0 C¢ S¢ 0 1 0 —S(/, C(/, 0
Uz, 0 —S¢ C¢ Sg 0 Cg 0 0 1
Ux Cecyl Cesyl =Sy Ux
Vy ¢ = S¢S9C(/, - C¢S(/, S¢S9C(/, + C¢C(/, S¢C9 Uy
v, C¢S9C(/, + S¢S(/, C¢S9S(/, - S¢C(/, C¢C9 v,
M

Because Newton’s second law is to be written in terms of the nonin-
ertial coordinate system, the gravitational vector must be expressed
in noninertialcoordinates. Applying Eq. (1) to the gravitationalvec-
tor produces

8xp CoCy CoSy =Sy 0
8wt = | SpS0Cy — Cp Sy S8 Cy + CoCy  5,C 0
Fon CypSoCy + 84Sy CpSpSy — SpCy CyCy g
—S,
=g1 5%Co )
CyCy

The inverse of the transformation matrix in Eq. (1) is its transpose,
making

Uy CoCy  S485,Cy — CySy CySyCy 4 S48y | [ v,

vy ¢ =| CoSy  SpSeCy + CyCy CySpSy — SpCy |§ vy,

v, —S Sy Co CyCy vz,

(3

and from Eq. (3), the ground speed is related to the airspeed by
b Viox
yi=191Yw
b4 Vs

<

CoCy S48,Cy —CySy  CySeCy + 8,5,
4 CoSy $,S5Cy +CoCy CySeSy — S,Cy | Tvt @)
_S(.) S¢C9 C¢C9 w

where the dot over a variable indicates the usual derivative with
respect to time. The two vectors on the right-hand side of Eq. (4)
are, respectively, the wind vector written in Earth-fixed coordinates,

Vi = Vixiy + Viyiy + Vi, (5)
and the airspeed vector, which is written in body-fixed coordinates,
V = ui,, + vi,, + wi, (6)

The relationship between the noninertial angular rates and the
time rate-of-change of the Euler angles is (see Refs. 23 and 29)

é 1 8;8/Co CySe/Co] (P
6¢=10 Cy =S q @)
1/} 0 S¢/C9 C¢/C9 r

where the vector on the far right-hand side of Eq. (7) is the angular
velocity vector written in body-fixed coordinates,

w = pi,, +qi,, +ri, 8)

Equations (4) and (7) together provide the kinematic transforma-
tion equations in terms of Euler angles, which allow us to update
the position and orientation of the aircraft with time. The gimbal
lock singularityis seen in the last two terms of the first and last rows
of Eq. (7). When the Euler elevation angle 6 is £90 deg, these four
terms go to infinity, and the Euler angle integration becomes inde-
terminate. Combining Euler angle sequences can sometimes yield
a singularity that is difficult to observe from a cursory inspection
of the equations. Junkins and Shuster’' propose a scheme involv-
ing spherical trigonometric relations to provide a clearer picture
of the singularities. Alternate spacecraft-attitude dynamics models
have been proposed that eliminate the Euler angle singularity (see
Refs. 52 and 53), although the aircraft community has not adopted
them.

Direction Cosine Formulation

The direction-cosinematrix can be formed from any of the sym-
metric or asymmetric Euler angle sets (see Ref. 54). For example,
the matrix on the right side of Eq. (1) is a direction-cosine matrix.
One way to avoid the singularityin Eq. (7) is to treat the nine compo-
nents of this matrix as a fundamental description of orientation. The
elements of this matrix are called the direction cosines. If these nine
direction cosines are known, the components of an arbitrary vector
inbody-fixed coordinatesare quite simply related to the components
of the same vector in inertial coordinates through the definition of
the direction-cosine matrix [C],

Uy, C, C, Cp Ux
Uy, ¢ = Cy Cyp Cy Uy 9

v C31 C32 C-;-; v,

b

and the gravitational vector, expressedin body-fixed coordinates, is

8xp C13
gy/; =8 C23 (10)
8z C‘i‘i

The inverse of the direction-cosine matrix is simply its transpose,
so that the ground speed is related to the airspeed by

X Vix Cy Cy Gy u
V=3V +|[Cn Cun Cx v (C8))
z Viz Ci; Cp Cy w

When the body-fixed reference frame is undergoingrotation, the
elements of the direction-cosine matrix are functions of time. To
complete the kinematic formulation in terms of direction cosines,
a set of differential equations relating the temporal derivatives of
the nine elements of the direction-cosine matrix to the body-fixed
angular rates is required. These nine equations, known as Poisson’s
kinematic equations, can be written in matrix form as (see Refs. 53
and 54)

C Cn Cp 0 ro—-q Ch Cp Ci
C21 sz C23 =|-r 0 p Gy Gy Cy
Cy Cyn Gy 9 -p 0 Gy G Cs

(12)

Note that there is no standard conventionfor numbering the direc-
tion cosines. Here, the numbering in Eq. (9) has been defined relative
to the forward transformation,from Earth-fixed coordinatesto body-
fixed coordinates. This is the most commonly used notation.'®:34-56
However, other authors have numbered the direction cosines rela-
tive to the inverse transformation, from body-fixed coordinates to
Earth-fixed coordinates? One notation is simply the transpose of
the other. Nevertheless,the reader shouldbe carefulto observe which
notation is being used when reviewing a publication or simulation
code.

There are only three DOF associated with orientation. However,
there are nine componentsin the direction-cosinematrix. Thus, these
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nine components cannot be independent. There must be six levels
of redundancy associated with this formulation. It can be shown
that rigid-body rotation is a proper orthogonal transformation?>®
Therefore, the direction-cosinematrix is proper orthogonal and the
inverse of the direction-cosine matrix must be its transpose’->

[C]~' =[C]". This requires the constraints

ChL+C+C=1, CL+ChL+CL=1

C123+C§3+C323=1, C1Ciy+ C1Cr +C3,C3, =0

CiCi3+CyCp+C3C33=0
CCi3+ CpCy+ C3C33 =0 (13)

These six constraints are usually called the redundancy rela-
tions. Mathematically, Eq. (12) preserves the orthogonality of the
direction-cosine matrix. However, errors associated with integrat-
ing Eq. (12) numerically can cause degradationin the orthogonality
of the matrix. Furthermore, these orthogonality errors can build up
with time during the simulation. A method for avoiding this error
buildup with the direction cosine formulation was first developed
by Corbett and Wright® and is still commonly used today.

The direction cosine formulation contains no singularities and is
frequently used by the aeronautics community®® to avoid the possi-
bility of gimbal lock. However, numerical integrationof Eq. (12) is
excessively time consuming, and a severe computational penalty is
paid for its use.

Euler Axis Formulation

The orientation of the noninertial reference frame relative to the
inertialreferenceframe can be describedin terms of a singlerotation
through an angle ©®, about a particular axis E, which is commonly
called the Euler axis or the eigenaxis®® A comparison between this
Euler axis rotation and the Euler angle rotations that are commonly
used by the aircraft community is shown in Fig. 1.

The Euler axis rotation®® gives rise to a four component descrip-
tion of orientation. The four components in this description are the
total rotation angle ® and the three componentsof a vector directed
along the Euler axis, E,, E,, and E,. Because these four parame-
ters describe an orientation having only three DOF, there must be
some redundancy in the Euler axis description as well. In fact, by
describing orientation in this manner, a fourth mathematical DOF
has been introduced. Clearly, the vector describing the orientation
of the Euler axis could be of any arbitrary length. To remove this
additional mathematical DOF, a constraint must be applied, fixing
the magnitude of the Euler axis vector. Whereas this constraint is
somewhatarbitrary, the usual and most obvious solutionis to require
the Euler axis vector to be of unit magnitude,

E2+E’4+E*=1 (14)
During the Euler axis rotation the orientation of the Euler axis is

invariant. Thus, the vector E directed along the Euler axis has the
same components in both inertial and noninertial coordinates,

EX EX!)
E,+ =1E, (15)
E E

The components of an arbitrary vector v in body-fixed coordi-
nates are related to the components of the same vector in Eath-fixed
coordinates through what is commonly called Euler’s formula®!

Vy, E,+Co E,+ESe E.—ESe Uy

Uy, ¢ = | Eiy —ESe E,+Co Ey;+E.So vy

Vg, E.+ESe E,,—ESe E.+Co v,
(16)

where E;; = E; E;(1 — Cg). Since the early work of Euler, a num-
ber of papers have been written on the derivation of Eq. (16) (see
Refs. 62-68).

From Eq. (16), the gravitational vector expressed in noninertial
coordinates is

gx;, Exz - Ey S(r)
8w =81 Ey:+ESe (17)
8z Ezz + C@

The inverse of the transformation matrix in Eq. (16) is obtained by
simply rotating through the negative of the total rotation angle that
is used in the forward transformation

Uy E,+Cy E,—ESy E,+ESy Uy,

Vy ¢ = Exy + E Se Eyy +Co Eyz —E.Se Uy

v, E.,,—ESe E,,+ESe E., +Cg v,

(18)
Thus, the ground speed can be related to the airspeed through
').C wa
.).) = wa
z Vi,
Exx + C(r) Exy - EZS@ Exz + EyS(r) u

+ Exy + EZS@ Ey) + C(r)
Exz - EyS(r) Eyz +E.Se

E,, —ESg vy (19)
Eaz + C(r) w

The relationship between the noninertial angular rates and the time
rate-of-change of the Euler axis rotation parameters is given by

© 2E, 2E, 2E,
E |\ _ 1|E,+C/S E, —E E,_+E,
E; 2| E,+E E, +CS E, —E,
E. E.-E E_+E E_+C/S
(20)
where E/. = —E;E;C/S, S = sin(©/2),and C = cos(® /2). Equa-

tions (1% and (20) are the kinematic transformation equations in
terms of the Euler axis rotation parameters. Notice that Eq. (20)
also has a singularity. When the total rotation angle ® is zero, the
integration of these equations is indeterminate.

Euler-Rodrigues Quaternion Formulation
The Euler®-Rodrigues’ formulation is related to the Euler axis
formulation through a simple change of variables. The four param-
eters in the Euler axis description of orientation are used to define
four different parameters, which are somewhat more convenient.
These four new parameters are defined as

€y cos(©®/2)

e, _ E, sTn(@)/Z) @1
e, E, sin(® /2)

e, E_sin(® /2)

These four parameters are known as the Euler®-Rodrigues’
symmetric parameters or the quaternion of finite rotation (see
Ref. 71). The Euler-Rodrigues formulation for rigid-body kinemat-
ics was developed well before 1844, when the well-known mathe-
matician, Hamilton, first developed the quaternion and the detailed
theory of a noncommutative algebraic system known as quaternion
algebra.””~7> Much has been written about the life of Hamilton (see
Refs. 75-77) and his moment of enlightenment concerning quater-
nion formulas while crossing a bridge with his wife. Hamilton, in a
letter to his son, noted he could not resist the impulse to carve the
fundamental quaternion formula into the stone on the bridge. How-
ever, it is clear that Hamilton did not develop quaternion algebra as
means of describing rotational transformations.

The brief review of the history of the Euler-Rodrigues formu-
lation that is presented here is taken primarily from Altmann,’®7°
Shuster,'® and Cheng and Gupta.®* In 1758, an early work of Euler®!
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showed that any differential movement of a rigid body can be ex-
pressed as a translation and a rotation about some specific axis.
Euler’s theorem on the motion of a rigid body,®’ as well as Euler’s
formula®' were both published in 1775. The first publication of the
derivation of the Euler angles®? was in 1862. Although the work
was published posthumously, the date is probably in error because
Euler died in 1783.

Whether Euler knew of the Euler-Rodrigues symmetric parame-
tersis a subjectof debate.In 1770, Euler® developedfour symmetric
parameters for orthogonal transformations (without the use of half
angles). Roberson®3 and Jacobi®* argue that Euler had presentedaro-
tation matrix in terms of the so-called Euler-Rodrigues parameters.
Shuster18 notes that the symmetric parameters developed by Euler
in the 1770 paper contained sign errors and formed an improper
orthogonal matrix. Note that Euler viewed a matrix as a table. The
matrix as a mathematical object would not evolve until vector space
was studied by Grassman,®>8¢ Gibbs,?” and Heaviside 3 As a side
note, the chief properties of vectors were worked out in Hamilton’s
investigation of quaternion algebra (see Ref. 89).

In 1840, four years before Hamilton began his algebraic study
of quaternions, Rodrigues’® published his work on the Euler-
Rodrigues symmetric parameters, the rules for the compositions,
and a geometrical constructionfor combining two rotations. Unlike
Hamilton, whose accomplishments are well documented, the only
publishedfactual article on Rodrigues did not appearuntil 1980 (see
Ref. 90). Earlier historianshave inventeda collaboratorof Rodrigues
by the name of Olinde (see Refs. 91 and 92) or have mistaken his
name as Rodrigue (see Ref. 93) or Rodriques (see Ref. 94). Addi-
tional historicaldetails can be found by Kline,”> Van der Waerden,”
Crowe,”” and McDuffee.”

There is no universal agreement on the choice of indices for
the Euler-Rodrigues symmetric parameters. Most authors use the
indices 1-4 or 0-3. Some authors have chosen indices 1-3 for
the vector components while using 4 as the scalar index, 89210
whereas others have used 1 for the scalarindex and 2-4 for the vec-
tor component.'”! The scalar index has also been chosen as 0 with
indices 1-3 denoting the vector components.!>17-38:102=107 There ig
not even universal agreement on the order of the vector compo-
nents. Whereas most authors assign the x, y, and z components in
ascending order, at least two authors have used 4 to denote the x
component, 3 for the y component, and 2 for the z component3**’
To avoid confusion in the present paper, the vector components are
explicitly labeled using the subscripts x, y, and z and a 0 subscript
is used to denote the scalar component.

Becausethe four parametersdefined by Eq. (21) uniquelydescribe
an orientation having only three DOF, these four parameters must
be related in some way. This relation is easily seen by squaring the
four components of Eq. (21) and adding them together. This gives

eg+el el +el=cos’(©/2)+ (E1+ E} + EYsin’(©/2) (22)

Because the Euler axis vector E is a unit vector and cos®(x) +
sin®(x) = 1, it follows that

gteteltel=1 (23)

The transformation in Eq. (16) can be written in terms of half
the total rotation angle by applying the trigonometric identities,
sin(x) = 2sin(x /2) cos(x /2), cos(x) = cos*(x /2) — sin*(x /2),
and 1— cos(x)=2sin*(x/2). Thus, when the notation S=
sin(x /2), C = cos(x/2), and E;; =2E;E; S is used, Eq. (16) can
be rewritten as

E, +C>—S§* E,+2ESC E,, —2ESC] (v,
= | E, —2E.SC E,+C>-§ E, —2ESC |{v,
E,,+2E,SC E, —2E.SC E.+C?>—58]|v.

z

(24)

Now, when Eq. (21) is applied and it is recognized that E;; = 2e;e;
and §? = (E} + E; + E2)S* =¢] + €] + ¢Z, Eq. (24) becomes

UX/)

Uy,

v

b

e;teg—e;—el  2ee, +e.e)

2 202
ey-l—eo e, —e;

2(eye; +eye)
2(eye. + e.ep)

2 222
e;+ey—e; e

= | 2(e.e, —e.ey)
2(ece; —eyeg) 2(eye; —eyep)
Uy
X v, 25)
UZ
The transformationequation given by Eq. (25) can be used to obtain
the gravitational acceleration vector in body-fixed coordinates,

8xp z(exez - eyeO)
8w =873 2(eye; +eeg) (26)
g e2te—ei—e

The inverse of the transformation matrix in Eq. (25) is

2 2,22
e +e e, —e;
= | 2(ece, +e.e)

z(exez - eyeo)

2(ece, —e.ep) 2(e e, +eyep)

24,2 22
e tey—e —e; 2(eye, — e.ep)
2,2 2 0
2(eye; +ee0) eltey—e;— e,
UX!)
X {vy, 27
UZb

Thus, the ground speed is related to the airspeed by

X Viox
)} = Vw y
b4 Vz

2 222
[ e, —e;
+ | 2(ecey +e¢)

2(ece, — e,€p)

2(exey — eep) 2(eye; +eyep)

2 2 2 2
ey e —e —e; 2(eye, —e.ep)

2(epe. +eceg)  eltef—el—el

u
x { v (28)
w

The time rate-of-change of the Euler-Rodrigues symmetric pa-
rameters can be related to the time rate of change of the Euler axis
rotation parameters. Differentiating Eq. (21) produces

ey —sin(® /2) 0

éy E.cos(®/2)| © E, sin(®/2

| @2\ e LB ®/2) (29)
e, E,cos(©/2)] 2 E, sin(©/2)

é, E. cos(©/2) E,sin(®/2)

When Eq. (20) is used to express the time rate of change of the
Euler axis rotation parameters in terms of the noninertial angular
rates, Eq. (29) can be written as

é —E.S —E,S —E.S

el 1| ¢ -Es Es |]|?
o2 Es ¢ —Es|)]? (30)
é, ~E,S ES C
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or after applying Eq. (21)

e —e, —e, —e,
e 1| e e e p
x 0 — €z y
== q (3D
e, 2| e ey, —e,
r
e, —e, e, €y

Because Eq. (31) is linear in both the noninertial angular rates and

the Euler-Rodrigues symmetric parameters, it can also be written
108,109

as
€ 0 —p —q -—r €y
e, 1 0 ro - e,
o T N (32)
e, 21q -—r 0 p )
éa r q 4 0 €;

Equations(28)and (31) or (32) provide the kinematic transformation
equations in terms of the Euler-Rodrigues symmetric parameters.

Robinson® detailed the advantages of the Euler-Rodrigues
quaternion formulation over the Euler angle or the direction co-
sine formulation almost 50 years ago. Most of his observations,
obtained on analog computers, are still valid in the digital world.
When the Euler elevation angle 6 is £90 deg, the Euler angle in-
tegration becomes indeterminate. Despite the singularity, the Euler
angle formulation is widely used because the three Euler angles
have the simple interpretation of heading, elevation angle, and
bank angle.!"%!!" The Euler-Rodrigues formulation is free of sin-
gularities; however, the physical interpretation of the quaternion is
much less intuitive than that associated with the Euler angles. In a
mathematical study, Stuelpnagel'®! considered parameterization of
a general three-parameter rotation group, four-parameter rotation
group, and five- and six-parameter groups. He proves that the three-
parameter rotation group leads to nonlinear kinematic equations
and that the Euler-Rodrigues symmetric parameters represent the
smallest number of parameters (four) with linear kinematic equa-
tions. Errors associated with numerical integration of the kinematic
equations for attitude have been characterized for both the quater-
nion and the direction cosine parameterizations,and the superiority
of the quaternion parameterization is well documented.!%!11-116
Lovren and Piper'!” show that, for the isolated case of classical
coning motion, integrationerrors are similar for the direction-cosine
parameterization and the quaternion parameterization. Another ad-
vantage of the Euler-Rodrigues formulation is the application of
Kalman filtering to quaternion estimation.!'8~!2! For the reasons
stated earlier, the spacecraft community often utilizes the Euler-
Rodrigues formulation for attitude control systems.!04122-141

Perhaps the greatest advantage of the quaternion formulation
over either the Euler angle formulation or the direction-cosinefor-
mulation is increased computational speed. Numerical integration
of the nine component direction-cosine formulation is excessively
time consuming when compared with the four component Euler-
Rodrigues formulation. The trigonometric functionsin the Euler an-
gle transformation matrix make simulations that use this nonlinear
formulation much more computationally intensive than those using
the linear equations of the quaternionformulation. Furthermore, the
computational advantage of the quaternion formulation can be ex-
tended even further through use of Hamilton’s quaternion algebra.
While the Euler-Rodrigues formulation was originally developed
before quaternion algebra was conceived, the most computationally
efficient algorithms are in fact based on this mathematical rule set,
first introduced by Hamilton.”> To demonstrate this computational
advantage, a brief introduction to quaternion algebra is presented
here.

Quaternion Algebra
A general quaternion Q is defined as

where Q, O, O,, and Q, are scalars andi,, i,, and i, are unit vec-
tors in the Cartesian x, y, and z directions, respectively. A quater-
nion has both vector and scalar properties. Vectors and scalars can
be thought of as special cases of the more general quaternion. A
scalar is a quaternion with Q,, Q,, and Q. equal to zero, and a
vector is a quaternion where Q equals zero.

For quaternion multiplication, a procedure called the quaternion
product is defined. Because a vector is a special case of a quater-
nion, care should be taken to distinguish the quaternion product
from either the dot product or the cross product. Here, the quater-
nion product will be indicated using the operator ®. The quaternion
products of the usual Cartesian unit vectors are defined according
to the following rule set:

i, @i, =—1, i, ®i, =i., i, ®i, = —i,
i, ®i, = —i., i, ®i,=—1, i, ®i. =1,
i, ®i, =i, i ®i, = —i,, i, ®i.=—1 (34

The quaternion product simply follows the distributive law. Thus,
the quaternion productof one quaternionA with another quaternion
B isl42

AQB = (Ag+Ai, +Ayiy, +A.i;) ® (By+ Byi, + B,i, + B.i.)
= (AyBy— AB, —AyB, — A, B.) + (AyB; + A, By
+AyB, — A.B))i, + (AyB, — A.B. + A By + A B,)i,
+(AgB, + A, B, — A B, + A, By)i, (35)

The quaternion products defined in Eq. (34) are nearly like cross
products, following the right-hand rule. However, special treatment
is given to the quaternion product of a unit vector with itself. Also
note that, in general, A ® B # B ® A and so the quaternion product
is not commutative. Also notice that the quaternion productreduces
to simple multiplication for the special case when either operand
is a scalar. However, it does not reduce to either the dot product
or the cross product when both operands are vectors. In general,
the quaternion product of two simple vectors is a four-component
quaternion, equal to the negative of the dot product added to the
cross product,

A®B=—(AB,+ A,B, + A.B.) + (A,B. — A.B,)i,

+(A.B, — A,B.)i, + (A,B, — A,B)i. = —A -B+A x B
(36)

Quaternions not only have properties of scalars and vectors, but
quaternion algebra also has similarities to complex algebra. The
magnitude of a quaternion is defined similar to that of a complex
number or a vector,

0= \/03+ 0+ 03+ 0 37
Also, a conjugate of a quaternionis defined as
Q* = QO - Qxix - Qyiy - inz (38)

where the asterisk indicates a quaternion conjugate. Using Eq. (38)
with Eq. (35) produces

0®Q =0+ 0;+ 05+ 02=10r (39)

Thus, similar to a complex variable, the quaternion product of a
quaternion with its conjugate generates a scalar equal to the square
of the magnitude of the quaternion.

The four Euler-Rodrigues symmetric parameters can be thought
of as the four components of a particular unit quaternion e, having
components (e, e,, e, e,), which uniquely specifies the orientation
of thenoninertialcoordinatesystemrelativeto the inertial coordinate
system. Furthermore, the rotational transformationgivenby Eq. (25)
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can also be expressedin terms of quaternionproducts. Letv be an ar-
bitrary vector having quaternion components (0, vy, , vy,, v;, ) in the
noninertial coordinate system and having quaternion components
(0, vy, vy, v, ) in the inertial coordinate system. The components
of v in noninertial coordinates are related to the components of v in
inertial coordinates through the quaternion transformation'’

w=e"QvQe) (40)

When Egq. (40) is expanded using Eq. (35), the orthogonal trans-
formation can be written as a two-step process using a temporary
quaternion T,

T=vQ®e=(—ve, —vye, —ve)+ (vee + vye, —v.e))i,
+ (—vee, +vyey +v.e)iy + (veey + vye, + v.ey)i; 41)
vy = e* ® T= (eOTX - exTO - eyTz + ezTy)iX/, + (eOTy + exTz

— €y TO — e Tx)iy/, + (eOTz — € Ty + €y TX - eZTO)iZb (42)
From Eq. (40) and the definitions given in Egs. (21) and (38), note
that the conjugate of an Euler-Rodrigues quaternion represents the
inverse rotation.

The advantage of Eqgs. (41) and (42) over Eq. (25) is a matter
of reduced computation time. The rotational transformation as ex-
pressedin Eq. (25) requires 39 multiplicationsand 21 additions. On
the other hand, computing the same transformation from Egs. (41)
and (42) requires only 24 multiplications and 17 additions. This
translates to a significant computational saving. For typical mod-
ern computers, the transformation computed from Eq. (25) requires
about 50% greater computation time than does that computed from
Eqs. (41) and (42). This can be quite significant in a flight simulator,
which requires a very large number of such transformationsfor the
visual display.'*?

For aircraft that are not all-attitude vehicles, such as transports,
helicopters, and roll-stabilized missiles, Euler angles are often used
to compute attitude because the singularity is not encountered (see
Ref. 144). However, the computational advantage of the quater-
nion transformation is even more impressive when compared with
the Euler angle transformation given by Eq. (1). Even when the
trigonometric functions in Eq. (1) are evaluated only once, the
transformation computed from Eq. (1) requires about 11 times as
long to evaluate as the quaternion transformation computed from
Eqs. (41) and (42). Thus, even ignoring the singularity in the Euler
angle formulation, the quaternion formulation is far superior to
the Euler angle formulation, based on computational efficiency
alone.

In the mid-1980s, algorithms were developed, which further re-
duced the computation time for quaternion multiplication on the
hardware available at that time. For example, Dvornychenko,'*’
based on the work of Winograd,'*%'¥7 presented two algorithms
that were claimed to reduce computation time. The first of these
algorithms requires 11 multiplications and 19 additions. The sec-
ond requires 10 multiplications and 26 additions. This compares
to 16 multiplications and 12 additions for the conventional quater-
nion multiplicationdescribedin Eq. (35). The hardware available at
that time required something on the order of five instruction cycles
for multiplication and only one cycle for addition. Thus, trading
five multiplications for seven additions would result in a significant
reduction in computation time, for the hardware of that era. How-
ever, typical modern hardware requires only one instruction cycle
for multiplication and one instruction cycle for addition. Thus, the
algorithms that were developed in the 1980s to speed up quater-
nion transformations will actually slow down the transformations
when used with today’s hardware. As late as 1993, Schuter'® has
claimed that these algorithms will speed up the transformations.For
simulations run on modern hardware, these old algorithms should
be replaced with the more straightforward algorithm specified by
Eq. (39).

The system of differentialequations, which governsthe changein
the transformationquaternionwith time, can also be written in terms
of a quaternion product.'?*!48 This differential system, specified by
either Eq. (31) or Eq. (32), can be written as

e=te®@w 43)

where w is the angular velocity vector in body-fixed coordinates,
as defined by Eq. (8). Writing the quaternion differential equation
in this form provides no computational saving over the matrix form
given by Eq. (32). From Eq. (35), it is observed that the quaternion
product in Eq. (43) requires 16 multiplications and 12 additions.
This is exactly equivalent to that required for the matrix multipli-
cation in Eq. (32). However, the matrix multiplication in Eq. (31)
requires only 12 multiplications and 8 additions. Thus, the tem-
poral derivative of the transformation quaternion should always be
computed from Eq. (31).

Aircraft simulations often deal with more than two coordinate
systems. For example, a single simulation could use an inertial
coordinate system fixed to the center of the Earth, an Earth-fixed
coordinate system at the aircraft’s local latitude and longitude, an
atmosphere-fixed coordinate system, and an aircraft body-fixed co-
ordinate system. In such simulations, it is convenient to be able to
combine efficiently a succession of coordinate rotations into a sin-
gle transformation. This is, of course, readily accomplished when
using a direction-cosine transformation by simply multiplying the
direction-cosinematrices for each successiverotation. For example,
if [C],_, is the direction cosine matrix for the transformation from
coordinate system 1 to coordinate system 2 and [C],_5 is the direc-
tion cosine matrix for the transformation from coordinate system 2
to coordinate system 3, we can write

[Cli-3 = [C],3[C]i-» (44)

where [C],_; is the direction cosine matrix for the transformation
from coordinate system 1 to coordinate system 3. Because ma-
trix multiplication is not commutative, the right-to-leftorder of the
multiplicationis important.

In an analogous manner, a succession of coordinate rotations can
be combined into a single Euler-Rodrigues quaternion by making
use of the quaternion product defined in Eq. (35). If e,_, is the
quaternion for the transformation from coordinate system 1 to co-
ordinate system 2 and e,_; is the quaternion for the transformation
from coordinate system 2 to coordinate system 3, then the Euler—
Rodriguesquaternionfor the transformationfrom coordinatesystem
1 to coordinate system 3 is given by

el 3=e_,8e€ 3 (45)

Here again the order of multiplication is important because the
quaternion product is not commutative. Notice that this quaternion
productrequires a left-to-rightorder, which contrasts with the right-
to-leftorderrequired for direction cosine matrix multiplication. The
relation given by Eq. (45) is not directly obvious from examination
of Eq. (40). Whittaker' demonstrates the validity of this result.

There is some confusion in the literature regarding the or-
der of multiplication required when using the Euler-Rodrigues
quaternion for a succession of coordinate rotations. For example,
Dvornychenko'* presents a right-to-left ordering of the of the
quaternion product, which is opposite to that shown in Eq. (45).
This is because Dvornychenko has also used an unconventional
quaternion definition, which has the vector components defined as
the negative of those defined in Eq. (21). The positive signs used in
Eq. (21) correspondto the conventionalright-hand Euler-Rodrigues
quaternion, which is based on a right-hand rotation about the Euler
axis. The negative signs used by Dvornychenko'*® result in a left-
hand quaternion, which is not normally used. When the right-hand
Euler-Rodriguesquaternionis used, successivecoordinaterotations
must be expressed using the left-to-right quaternion product that is
shown in Eq. (45).
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Relationships Between the Quaternion
and other Attitude Descriptors
The physical interpretation of the Euler-Rodrigues quaternionis
much less intuitive than that associated with the Euler angles. For
this reason it is convenient to be able to relate the quaternion to the
Euler angles. Such a relation can be obtained by combining Egs. (1)
and (25). These two equations require

2(exe, +e.ep)

2 2,2 2
ey ey —e—e;

z(exez - eyeo)
2(eye, + e ep)

2 222
e; +ey—e; ey

e+e—el—el
2(e e, — ézeo)
2(ece, +e,€p) 2(eye, — e.ep)
CyCy CySy —So
= | 8,8:Cy — CpSy  S$p8Cy + CpCy 5,Cy (46)
CySoCy + 854Sy CpSeSy — S,Cy CyCy

This matrix equation provides nine scalar equations relating the
four components of the Euler-Rodrigues quaternion e to the three
Euler angles, ¢, 6, and . However, the nine components of the
matrices on both sides of Eq. (46) each describe a rotation having
only three DOF. Thus, there are six levels of redundancyin Eq. (46).
Additionally, Eq. (23) must also be satisfied, which simply requires
thate be a unit quaternion. The three DOF in Eq. (46) combined with
the requirementin Eq. (23) provide exactly the four DOF needed to
solve for the four components of the quaternione.

When the diagonal componentsof Eq. (46) are combined with the
requirement for a unit quaternion expressed in Eq. (23), a four-by-
four system of algebraic equations for the squares of the quaternion
components is obtained,

11 -1 -1 e CyCy
1 -1 1 -1 &2 SpSeSy + CyCy,
; _ ¢ 2099 Py 47)
1 -1 -1 1 e, CyCy
1 1 1 1 é? 1

This system is readily solved by direct elimination to give

eS 1+ C(.)C(/, + Sd)SgS(/, + C¢C9 + C¢C(/,
ei 4 1 - C(.)C(/, - C¢C9 + S¢S9S(/, + C¢C(/,
e? 1= CyCy + CyCy — 5,555, — C,C,
Applying the half angle identities, Eq. (48) is written as
eé (Cy2CopCypr + S¢/2S9/2Sy//2)2
e _ (S42Co2Cysa = Cy 280128y 2)* (49)
6’}2, (Cy2802Cypp + S¢/2C9/2S;///2)2
e (8p/280/2Cy 2 + Cy2Cap Sy 2)?

Each of these component equations has two possible solutions,
and so the signs are indeterminate at this point. The off-diagonal
components of Eq. (46) may be extracted to produce

0 0 2 2 0 0] |eoex CoCy
0 0 -2 2 0 0] |eoe SpSeSy — CySy
0 -2 0 0 2 0fJee:| =S
0 2 0 0 2 0f|ees|  )CsSCy+ S48y
2 0 0 0 0 2| ]ee S4Co
-2 0 0 0 0 2] |&e CySoSy — SyCy

(50)

This simple algebraicsystemis easily solved by adding and subtract-
ing appropriate pairs of equations. Replacing the first and second

equations with their sum and their difference and doing likewise
with the other two pairs of equations results in

€y S4Cop — Cy Sy Sy + S5,Cy,

epe, CySyCy + 54,8y + Sy

ez | 1 JCoSy —S85Cy +CyS,y (51)
e.e, 4 1 CoSy + 848,Cy — CySy,

exe; CySeCy + 548, — Sp

eye, S3Co + CySp Sy — S,Cy

When Eq. (49) is used in Eq. (51) and the half-angle identities are
applied, the off-diagonal components of Eq. (46) reduce to
505 (SyCs — Cy Sy Sy + S4C,)
5085 (C4SsCy + SySy + Sp)
505:(=Cy Sy + S485Cyy — CySy)
528,(Cy Sy + S48,Cy — CySy)
5:5.(—CySyCy — SySy + )
5y85:(=S3Cy + Cy Sy Sy + S,Cy)

S5Co — Cy S8y + S,Cy
CySyCy + SsS, + S,
_Jcsy —sys0c, + ¢y, 52)

CoSy + 548,C — CyS,
CySyCy + S48, — S,
S4Co + CySyS, — S,Cy

where s, sy, 5y, and s, are the unknown signs of the quaternion
components from Eq. (49). Thus, the off-diagonal components
of Eq. (46) provide only three additional pieces of information,
sosy =1, s¢s, =1, and sps5, = —1. When these signs are used with
Eq. (49), only two possible solutions to Eq. (46) exist, which are

€ C42Co12Cy o+ Sp1280/2Sy 2
el _ S8/2Co/2Cyp2 = Cy 280128y 12 (53)
e, Co2502Cy 12+ S42Co12Sy 2
e C4/2Co/2Sy 12— Sp12862Cy 2

Both of these solutions are valid. Obviously, any orientation of one
coordinate system relative to another can be described in terms of
two different right-hand rotations. For example, a right-hand rota-
tion of 90 deg about the positive x axis is equivalentto a right-hand
rotation of 270 deg about the negative x axis. The two solutions ex-
pressedin Eq. (53) representthese two equivalentrotations. Usually
the positive sign is selected.

The inverse of Eq. (53) is obtained from Eq. (46) as well. This is
rather straightforward and yields'®’

¢ atan2[2(e0ex +eye.), (e(zJ +el—e2— ef,)]
0 ¢ = asin[2(ege, — e.e;)] (54)
14 atar12[2(eoez +ee)), (e(zJ +el—e — ez)]

The function atan2 in Eq. (54) is a two-argument arctangent that
returns a result in the proper quadrant, such as the atan?2 intrinsic
provided in FORTRAN and C. The two-argument function is not
needed for the elevation angle 6 because this angle is defined only
in the range from —m /2 to 7 /2.

The Euler-Rodrigues quaternion is also related to the total rota-
tion angle and the Euler axis components through the definition of
the Euler-Rodrigues symmetric parameters,

e cos(©®/2)

e.| ) E.sin(@®/2)

e,[ 7 | E,sin®)2) (59
e, E. sin(® /2)
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The inverse of Eq. (55) is readily found to be

) 2cos™ ! (ey)

E | _ Je/sin(®/2)

E | e,/ sin(©/2) (56)
E. e,/sin(® /2)

Thus, from knowledge of the four components of the Euler-
Rodrigues quaternion, the orientation of the noninertial reference
frame with respect to the inertial reference frame can be expressed
as a single rotation about a known axis through a known angle.
For nonzero rotation angles, the three vector components of this
unit quaternion compose a vector directed along the Euler axis. The
scalar component of this quaternion is equal to the cosine of one-
half the angle of rotation about this axis, in a direction defined by
the right-hand rule. If the scalar component of this quaternion is
=£1, the orientation of the Euler axis is indeterminate. However, a
scalar componentof £1 would indicate a total rotation angle of zero,
making knowledge of the Euler axis unnecessary. It is important to
recognize that, like the Euler axis vector E, the four components of
the unit quaternione are the same in both the inertial and the noniner-
tial reference frames. Thus, a reference frame need not be specified
when referring to the components of this particular quaternion.

During the 1970s the spacecraft community utilized both the di-
rection cosines and the Euler-Rodrigues quaternionto describe atti-
tude. For example,in space shuttle steering algorithms the command
attitude was computed as a direction-cosinematrix, whereas the at-
titude error was more convenientlydescribedas a quaternion.!°? The
quaternion was used to describethe attitudeerror because of its sim-
ple physicalinterpretation. The error axis coincides with the vector
partof the error quaternion, and the total error is readily determined
from the scalar part. To compute the error quaternion, the command-
attitude quaternion was first extracted from the direction-cosinema-
trix. Several other space shuttle flight algorithms also required the
determination of an attitude quaternion from a direction-cosines
matrix. Consequently, a number of papers have been written on
extracting the quaternion from the direction cosines.!%14%=152 The
mostefficientmethod was first publishedin 1978 by Shepperd'** and
has been restated by Shuster and Natanson.”® The aircraft and mis-
sile community is still using both the direction cosines’®!> and the
Euler-Rodrigues quaternion (see Refs. 35 and 154-156) as attitude
descriptors for aircraft flight simulation.

The direction cosines can be expressed in terms of the four com-
ponentsof the Euler-Rodriguesquaternionby equatingthe left-hand
side of Egs. (9) to the left-hand side of Egs. (25):

Cy Cpp Cpz
Cy Cpnp Cy
Cy; Cxn Cy

e;tep—e;—el  2ece,+ee)

2 222
ey-l—e0 e —e;

z(exez _eyeo)

2(eye, +e.ep)

2 2,22
e;+eyg—e; ey

(57)

= | 2(ece, —e.€y)

2(ece. +e,€p) 2(eye, —e.ep)

Combining the diagonal components of Eq. (57) with Eq. (23) pro-
vides a four-by-four system of equations that is readily solved to
relate the squares of the quaternion components to the diagonal
components of the direction-cosine matrix,

el 14+ Cy + Cypn + Cy;
el _1fiven-ca-cy )
e 4 11 -=Cii+Cxn—Cs;
e? 1=Ci —Cxn + Cs;

The off-diagonal components of Eq. (57) can be rearranged to give

€ey Cy; — Cyy
epey Gy — Ci3
€o€; _ l Ciy — Cy (59)
ecey 4 1Cp+Cy
exe; G + Cis
eye; Cy + Cx

The components of the quaternion can be computed, without sin-
gularities, from the direction cosines by using Egs. (58) and (59).
This is done by first finding the quaternion component of greatest
magnitude from Eq. (58),

eﬁm = max(eé, ei, ei, e?) (60)

Once the component of largest magnitude has been determined, the
quaternionis computed from one of the following algorithms:

. 2 _ 2
if (eO - emax)’

eO=:|:\/1+C11+C22+C33/2
e, = (Cy3 — C3) /4ey, e, = (C3; — Cy3) /4e

e. = (Cip — Cyy)/4ey (61)

if (efzeiax), ex=:|:\/1+C11—C22—C33/2

e) = (Cy3 — C3y) /4ey, e, = (Cy + Cyy) /4e,

e, = (C3 + Cy3) /4e, (62)

. 2 2
if (ey = emax),

ey =%y1-C +C22—C33/2
ey = (C31 — Cy3)/4e,, e, = (Ci + Cyy) /4e,

e, = (Cy + C3y) /4e, (63)

. 2_ 2
if (ez = emax),

e, =%/1—C; —Cpn+Cy/2

ey = (Ci; — Cy)) /4e,, e, = (Csy + Cy3) /4e,

e, = (Cy + C3y) /e, (64)

Notice that, as was the case with Eq. (46), there are two possible
quaternionsthat will satisfy Eq. (57). These are the same two equiv-
alent quaternions that were discussed following Eq. (53).

Applying Rotational Constraints
to the Quaternion Formulation

It is occasionally desirable to simulate aircraft motion with one
or more of the rotational DOF constrained. This is normally ac-
complished using the Euler angle formulation. However, because
the quaternion transformation is more than an order of magnitude
faster than the Euler angle transformation, the ability to apply ro-
tational constraints to the quaternion formulation may be of some
interest.

When applying rotational constraints, the coordinate system in
which the constraint will be applied must be specified. For exam-
ple, aroll constraintis very different from a bank angle constraint.
The roll can be constrained very simply, in either the Euler angle
formulation or the quaternion formulation, by simply replacing the
x, component of the angular momentum equation with the roll con-
straint

p=0 (65)
However, note that constraining the roll does not constrain the bank

angle. All three Euler angles can still take any possible value with
the roll completely constrained.
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To constrain the bank angle, using the quaternion formulation,
Eq. (54) is employed. If the bank angle is to remain zero, Eq. (54)
requires

epe, +ee, =0 (66)
and
ey +epe, +eé, +ee, =0 (67)
Applying Eq. (32) to Eq. (67) produces
e.(—pe, —qe, —re;) +ey(pey +re, — qe,)
+e,(qey —re, + pe,) +e,(reg +qe, — pe,) =0 (68)
This can be simplified to yield the quaternion bank angle constraint
(e(zJ +e—el— ei)p + 2(ege, — e e )r =0 (69)

Thus, to constrain the bank angle, the roll and the yaw must be
coordinated according to Eq. (69).

If the roll is to be constrained as well as the bank angle, then
Eq. (69) requires

2(epe, —eve)r =0 (70)
From Egq. (54), this is equivalentto
sin(@)r = 0 (71)

Here it is observed that, if both the roll and the bank angle are to be
constrained, then either the yaw or the elevation angle must also be
constrained. With any nonzero elevation angle, any amount of yaw
will produce a bank angle. This is not a function of the quaternion
formulation. It is a simple kinematic fact.

The relationship between the body-fixed angular rates and the
Euler angles, which was demonstrated here by using the roll and
bank angle, is true in general. None of the Euler angles can be con-
strained by constraining only one of the body-fixed angular rates.
The bank angle can be changed using only pitch and yaw, the eleva-
tion angle can be changed using only roll and yaw, and the azimuth
angle can be changed using only roll and pitch. Any motion having
only one of the rotational DOF constrained, in body-fixed coordi-
nates, allows for all three DOF in orientation.

Similarly, the other rotational DOF can be constrained using the
pitch constraint

qg=0 (72)
the quaternion elevation angle constraint
(eé + e? - ei - ei)q —2(ege, +eye)r =0 (73)
the yaw constraint
r=0 (74)
and the quaternion azimuth angle constraint
2(epe, — eye.)q + (e(zJ +e —el — ef)r =0 (75)

Motion with only one rotational DOF, in body-fixed coordinates,
can also be simulated using the quaternion formulation. Constrain-
ing any two rotational DOF in body-fixed coordinates will constrain
two DOF in orientation. For pure rolling motion,

g=r=0 (76)

Using these constraintsin Eq. (32) gives

€ 0 —p 0 0 € —€y

e, 1 0 0o 0 e, e
t=s17 =Lyt an
e, 210 O 0o p e, 2 e,

e, 0O 0 —p O e, —e,

If the elevation angle and the azimuth angle are both initially zero,
from Eq. (53), the initial condition is

€o cos(¢o/2)

e _ ] sin(@y /2) (78)
e, 0

e, 0

$r =0

When Eq. (78) is used with Eq. (77), note that both e, and e, remain
zero during this motion. Thus, pure rolling motion can be simulated
using the constraints

g=r=e¢,=e¢,=0 (79)

Similarly, pure pitching motion could be simulated by applying the
quaternion constraints

p=r=e =e=0 (80)
and pure yawing motion results from the constraints
p=qg=e =¢=0 (81)

Closed-Form Quaternion Solution for Constant Rotation

It is possible to obtain a closed-form solution to the quaternion
formulation for the case of constantrotation. Although such a con-
dition would frequently occur in spacecraft applications, it almost
never occurs in aircraft applications. The angular rates experienced
by a moving aircraft depend on the aerodynamic moments acting
on the craft and are almost always changing with time. In this case,
closed-form solutions to the quaternion formulation are very diffi-
cultor impossibleto obtain, for all but the most trivial conditions '’
Nevertheless, closed-form analytic solutions to the quaternion for-
mulation for the case of constantangular rates provide an excellent
mechanism for verifying!*® 1> the numerical algorithms used to in-
tegrate the quaternionformulation. For such verification, it is useful
to have a general solution that allows for rotation about any or all
of the body-fixed axes. The development of such a solution, from
Eq. (32), is rather straightforward.

Considerarigidbody thatis rotatingat a constantangularvelocity.
The differential equations governing the change in the components
of the quaternion e with time are given by Eq. (32). This system of
differential equations can be written in matrix notation as

ée—[Mle=0 (82)
where
0 —p —q -—r
1lp O r  —q
M]=— 83
=310y, (83)
r g —p O

When the matrix [M] is constant, the solution to Eq. (82) is
e(t) = [exp([M]1)]e(0) (84)

where the matrix exponential [exp([M]¢)] is computed from the
matrix series definition

[exp(IM1t)] = [I] + (M1t + [M][M1t*/2! + - - (85)

Here e(0) is the initial value of the quaternionat time =0, and [1] is
the identity matrix. If the matrix [M] were completely arbitrary, the
matrix exponential would need to be evaluated by summing a large
number of terms in the infinite series. However, in this particular
case we can take advantage of a special property of the matrix that
is defined in Eq. (83).

By direct multiplicationit is readily shown from Eq. (83) that

M][M] = —4o’[I] (86)
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where w? = p? + q? + r%. When use is made of Eq. (86), the infinite
series in Eq. (85) can be rearranged as

2 4
@t/ (t)2) +>

[exp(IM11)] = [I]<1 21 41

2 wl (wt/2)®  (wt/2)°
+Z[M]<2 3 s +'>

or
[exp(IM11)] = [I] cos(wt /2) + (2/w)[M]sin(wt /2) (87)

Using Eq. (87) in Eq. (84) yields the general closed-form solution
for constant rotation

e(t) =[] cos(wt /2) + (2/w)[M]sin(wt /2)]e(0) (88)
For the specialinitial condition where all three Euler angles are zero,

€y(0)
e.(0)
e,(0)
e:(0)

(89)

S O O =

the solution given by Eq. (88) reduces to the rather obvious result

€ cos(wt /2)

e | ) (p/w)sin(wt/2)

e, - (g/w) sin(wt /2) (90)
e, (r /) sin(wt /2)

Equations (88) and (90) provide an excellent mechanism for testing
most numerical algorithms used to integrate the quaternion formu-
lation.

Numerical Integration of the Quaternion Formulation

When integrating Eq. (32) numerically, the zeros on the diagonal
can cause some problems. Integration of this system can result in
very large numerical errors if a first-order method is used. For this
reason, a higher-order method, such as fourth-order Runge-Kutta
or fourth-order Adams-Bashforth-Moulton (see Refs. 160 and 161)
should always be used to integrate the quaternion formulation. Be-
cause most modern numerical codes use such methods, this is not
at all restrictive for simulations run on modern digital computers.

Historically, aircraft simulations using the quaternion formula-
tion were firstcommonly run using analogcomputers. Because these
analog simulations were inherently first order, the raw quaternion
formulationdid not work well. When such simulations were run, the
magnitude of the quaternion would grow quite rapidly with time.
Because the formulation requires the magnitude of the quaternion
to remain unity to maintain orthogonalityin the attitude transforma-
tion, these large orthogonality errors would render the simulations
almostuseless. To remedy this problem, techniques were developed
to reduce this orthogonality error. One such method, developed by
Robinson*®*” and popularized by Mitchell and Rogers,*® is based
on the method first suggested by Corbett and Wright*® for maintain-
ing orthogonality in the direction-cosine matrix. With this method,
the kinematic equations in Eq. (32) were modified to include error
reduction terms on the diagonal,

€y ke —p —q -—r €y
e, 1 ke r — e,
r==17 I 1)
e, 21lq —-r ke p Y
e, r q —p ke e,
where ¢ is the orthogonality error defined as
e=1—(e+e+e2+¢?) (92)
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Fig. 2 Effect of changing the gain coefficient on the accuracy of a first-
order Euler algorithm using Corbett-Wright orthogonality control.

and k is a gain coefficient, which Mitchell and Rogers®® said should
be “set to a very high value” This error reduction scheme, which
shall be called Corbett-Wright orthogonality control*® worked
quite well when used with the analog computers of that era.

Although analog computers are no longer widely available, it is
possible to demonstrate approximately how Corbett-Wright®® or-
thogonality control worked with an analog computer by integrating
Eq. (91) usinga first-order Euler integrationscheme. Results of such
anintegrationare shownin Fig. 2. For Fig. 2, the total error was com-
puted as the difference between the numerical result and the exact
solution from Eq. (88). Notice that, as the value of the Corbett-
Wright®® gain coefficient approaches zero, which is the case of no
orthogonality control, the total error becomes very large. For gain
coefficients larger than about 0.5w, the erroris reduced to a more or
less acceptable level. With the exception of the increase in error on
the right, the results shown in Fig. 2 are very similar to the results
reported by Mitchell and Rogers®® for a typical analog computer.
Unlike the first-order digital integration, analog simulations were
well behaved for very large values of k. The abruptincreasein error
that is seen in Fig. 2 for kK /w greater than about 5.7 is a result of the
well-known Euler instability that is associated with any first-order
numerical integration. For Eq. (91), Fang and Zimmerman'®? have
shown that this first-order instability occurs whenever the product
of the gain coefficient and the time step is greater than unity,

két > 1

When digital computers first became fast enough to replace ana-
log computers for running such simulations, (Corbett-Wright*),
orthogonality control was often used in the digital solution algo-
rithms. Furthermore, this orthogonality control is still widely used
for aircraft flight simulation today.3*° It is, however, not neces-
sary. When a modern digital computer is used to integrate Eq. (32)
with any of the prevalent fourth-order numerical methods, the or-
thogonality error is extremely small. Using the Corbett-Wright*°
orthogonality control scheme with these modern numerical algo-
rithms increases the computation time but does little to improve the
accuracy of the simulation.

Even though the orthogonality error for modern numerical algo-
rithms is very small, it can accumulate. Thus, if a simulationis to be
run for long periods of time using large time steps, the quaternion
should be renormalized periodically. The quaternion may be renor-
malized by dividing each component by the magnitude,!34 163164

e,=e/|e|=e/ e +et+elte? (93)

where the subscriptr indicates the renormalized quaternion. As can
be seen in Fig. 2, renormalization is not as accurate as Corbett-
Wright®® orthogonality control for first-order integration. However,
a differentresultis obtained for higher-orderintegration. If the time
steps used with fourth-order Runge-Kutta are of a size to produce
about 10 deg of revolution per time step, it requires about 3 x 10°
iterations to degrade the magnitude of the quaternion by 1%. Be-
cause a very long renormalization period can be used, periodic
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control.

renormalization of the quaternion is much faster than using the
Corbett-Wright orthogonality control scheme. However, if compu-
tation time is not a concern, Corbett-Wright orthogonality control
will eliminate the growth of the orthogonality error for simulations
using large time steps. If the time steps are small enough to produce
about5 deg of rotation or less per time step, no orthogonality control
whatsoever is required with fourth-order Runge-Kutta integration.

If the Corbett-Wright*® orthogonality control scheme is to be
used for large time-step simulations, it should be remembered that
this only eliminates the growth of the orthogonality error. It does
not eliminate the drift error, which for modern algorithms can be
much larger than the orthogonality error. In fact, when a large gain
coefficientis used with fourth-orderintegrationand Corbett-Wright
orthogonality control, the drift error is increased by more than the
orthogonalityerroris reduced, which actually increases the net error
for the simulation. This is shown in Fig. 3. In contrast with the older
analog simulations that used a very large gain coefficient, when
Corbett-Wright orthogonality control is used with a fourth-order
digital integration, a gain coefficient larger than about 2w should
not be used. As can be seen in Fig. 4, this is truly independent of
the angular rate. Furthermore, as is seen in Fig. 5, decreasing the
time step does not eliminate this problem. For such fourth-order
integration, a gain coefficient equal to the magnitude of the angular
velocity will effectively eliminate the growth of the orthogonality
error associated with large time steps without adversely affecting
the drift error. However, for aircraft flight simulations, the angular
rates are not typically known a priori. Furthermore, the angular rate
is typically changing with time, and a very low angularrate requires
a very low gain coefficient for accurate simulation. Thus, to avoid
increasing the total error, a variable gain coefficient equal to the
angular rate should be used,

k=w=+p +q+r2 (94)
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The implementation of Eq. (94) adds substantially to the computa-
tional burden of Corbett-Wright* orthogonality control. Thus, for
greatest computational efficiency, it is much preferred to use peri-
odic renormalization of the quaternion over any use of the Corbett-
Wright orthogonality control scheme.

In 1969 Fang and Zimmerman'%? proposeda pseudo-fourth-order
method for integrating Eq. (91). With conventional fourth-order
Runge-Kutta, the time rate of change of the quaternion is com-
puted from Eq. (91) four times for each time step. With the Fang
and Zimmerman algorithm, this same fourth-orderprocedureis used
to integrate Eq. (91), except that ¢ is held constant through all four
computationsin each time step. The orthogonality error is updated
only once at the beginning of each full time step.

The Fang and Zimmerman'®? algorithm exhibits features of both
first-order and fourth-order numerical integration. Although both
the angular velocity and the quaternion on the right-hand side of
Eq. (91) are estimated to fourth-orderaccuracy, ¢ is only estimated
to first-order accuracy. Results of integrating Eq. (91) using the
Fang and Zimmerman algorithm are shown in Fig. 6. Notice that
the accuracy of the method, for small values of the gain coeffi-
cient, is comparable to that for full fourth-order integration. How-
ever, the method also exhibits an abrupt first-order instability when
the gain coefficient is greater than one divided by the time step
k>1/5t.

Note from Figs. 3-6 that Corbett-Wright* orthogonality control
offersno significant reductionin simulationerror for modernnumer-
icalintegrationalgorithms. On the other hand, if the gain coefficient
is not judicially chosen, Corbett-Wright orthogonality control can
significantly increase the simulation error. Periodic renormalization
of the quaternion does not present this problem and is much more
computationally efficient.

The computation time required for periodic renormalization of
the quaternion can be reduced even further by recognizing that the
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orthogonality error is always very small for modern fourth-order
integration algorithms. Equation (93) can be written as

e,=e/‘/e§+e§+e}2,+e§=e/«/1—8 (95)

where ¢ is the error in the square of the quaternion magnitude, as
given by Eq. (92). Because ¢ is very small, Eq. (95) can be closely
approximated as'®?

e, = e(l + %8) (96)
or after applying Eq. (92)
e, Ze[1.5—05(el +e2 +e2+¢?)] )

Periodic application of Eq. (97) is sufficient to eliminate the growth
of the orthogonality error for all time.

Renormalizing the quaternion with Eq. (97) requires nine mul-
tiplications and four additions. Using Eq. (93), on the other hand,
requires eight multiplications, three additions, one square root, and
one division. Typical modern hardware requires 1 instructioncycle
for addition, 1 instructioncycle for multiplication,something on the
order of 4 instruction cycles for division, and anywhere from 4 to
30 instruction cycles for the square root operation, depending on
the processor and the compiler. Thus, renormalizing with Eq. (93)
requires anywhere from about 50 to 250% greater computation time
than using Eq. (97), on typical modern hardware. Furthermore, even
if future developments reduce the time required for division and
square root to one instruction cycle each, Eq. (97) will be, at worst,
computationally equivalent to Eq. (93).

Although periodic renormalization of the quaternion using
Eq. (97) provides a computationally efficient means for control-
ling the orthogonality error, it does not control the drift error. In
fact, for higher-order algorithms, it does nothing whatsoever to re-
duce the total error. In Figs. 3-6, the points that correspond to a
Corbett-Wright*® gain coefficient of zero were obtained using no
orthogonality control at all. In each case, the total error obtained
with no orthogonality control was the same as that obtained when
the quaternion was renormalized after each time step. From this,
one may be tempted to conclude that there is no value in orthogo-
nality control. This is not exactly true. If the orthogonality error is
controlled, a small amount of drift error does not adversely affect
a flight simulator because it is constantly being corrected with vir-
tually imperceptible pilot input. The pilot’s perception of the drift
error is similar to that caused by an infinitesimal change in the aero-
dynamics of the aircraft. The orthogonalityerror, on the other hand,
has no counterpart in the physical world and cannot be compen-
sated for by the pilot. When the quaternion magnitude deviates from
unity, transformations obtained from Eq. (25) or Eq. (40) become
nonorthogonal,and vector lengthis not preserved through the trans-
formation. Because rotation is an orthogonal transformation, large
orthogonalityerrorscan cause physicallyunrealisticdistortionin the
kinematic transformations. For large time-step simulations with no
orthogonalitycontrol, these transformationdistortions will continue
to increase with time, unaffected by pilot input.

To demonstrate the effects of both orthogonality error and drift
error on the visual display, Fig. 7 shows a three-dimensional im-
age displayed after four different quaternion simulations. Each of
the four simulations was carried out using fourth-order Adams—
Bashforth-Moulton numerical integration. In each case, all aspects
of the integration, except the error control, were the same. All four
images are viewed from exactly the same position and with exactly
the same perspective. The differences in the images result entirely
from numerical integration errors in the transformation quaternion.

The image in Fig. 7a is essentially error free. The orthogonality
error was removed using periodicrenormalization,and the drifterror
was eliminated with pilot input. The darker image in Fig. 7b was
generated using periodic renormalization without pilot input and
thus contains no orthogonality error but about 17 deg of drift error.
To emphasize the error, this image has been overlaidon an error-free
image in light gray. The integration used to obtain the darker image

S R
K

Fig. 7 Effects of drift error and orthogonality error on the visual
display after 2 X 10° iterations using fourth-order Adams-Bashforth-
Moulton with a) periodic renormalization, no orthogonality error, and
drift error eliminated by pilot; b) periodic renormalization, no orthog-
onality error, and 17-deg drift error; c¢) no orthogonality control, 8%
orthogonality error, and 17-deg drift error; d) no orthogonality control,
8% orthogonality error, and drift error eliminated by pilot.
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Fig. 8 Effect of step size on the accuracy of a fourth-order Runge-
Kutta algorithm with no orthogonality control, using single-precision
computations.

in Fig. 7¢ had no orthogonality control or pilot input and produced
about 8% orthogonality error and about 17 deg of drift error. Again,
the light gray image in Fig. 7c is error free. When Figs. 7b and 7c are
compared, it can be seen that orthogonalityerror producesa scaling
distortion in the visual display. As is seen in Fig. 7d, pilot input
eliminates the drift error but does nothing to eliminate the scaling
distortion caused by the orthogonality error. It can readily be shown
from Eq. (40) that, when orthogonality error is present, all objects
in the visual display are scaled by a factor of |e|>.

Because the orthogonalityerror is only a small fraction of the total
error, reducing the size of the time step and/or increasing the order
of the numerical integrationalgorithmare the only effective ways to
reduce total error. The effects of time-step size on the orthogonality
error and the total error, for a fourth-order Runge-Kutta algorithm
with no orthogonality control, are shown in Figs. 8 and 9, for both
single- and double-precisioncomputations. Figures 8 and 9 show a
common misconception concerning the origin of the orthogonality
error, which is often attributed to the roundoff error associated with
the finite word size used for numerical computation.!%3 As can be
seen by comparing Fig. 8 with Fig. 9, neither the orthogonality er-
ror nor the total error is significantly affected by the computation
precision for a large step size. Furthermore, for a step size of less
than about 5 deg, the single-precisionorthogonality error is exactly
zero, whereas the double-precisionorthogonalityerroris very small
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Fig. 10 Effect of changing the gain coefficient on the accuracy of a
second-order Runge-Kutta algorithm using Corbett-Wright orthogo-
nality control.

but finite. This is because orthogonality error does not result from
the roundoff error associated with word size and computation pre-
cision. It is rather the result of errors associated with the order of
the integration algorithm. This numerical integration error is called
truncation error because it results from truncating the Taylor series
for differentiationto a finite number of terms.

In an aircraft flight simulation, computing the time deriva-
tives of the translational and angular velocity components requires
computationof the aerodynamicforcesand moments. Dependingon
the method used, these computations can be quite time consuming.
Because a digital simulation using the fourth-order Runge-Kutta
algorithm requires evaluating these time derivatives four times for
each time step, first-order and second-order integration methods
have occasionally been used in an attempt to reduce computation
time. As shall be demonstrated, this is nota particularly good choice.

Results from a second-order Runge-Kutta integration with
Corbett-Wright® orthogonalitycontrolare shown in Fig. 10. Notice
that, as was the case for fourth-order integration, Corbett-Wright
orthogonalitycontrol offers noreductionin total simulationerror for
this second-order integration. Furthermore, for the time step used,
the accuracy of this second-order simulationis not significantly im-
proved over that of the first-order simulation shown in Fig. 2. At
first thought, this may seem counterintuitive.

From the theory of numerical methods we know that, in the limit
asthe step size approacheszero, the global error for the first-orderin-
tegrationshouldbe linearly proportionalto the step size, whereas the
global error for the second-orderintegration should be proportional
to the step size squared. For very small step size, this is confirmed
in Fig. 11. However, for larger step size, the global error results
primarily from the higher-order terms, which have been neglected
in both the first- and second-order algorithms. Thus, for larger time
steps, the second-order algorithm offers little increase in accuracy
over the first-order algorithm. This can be seen in Fig. 12.
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Fig. 11 Comparisonbetween first-order Euler integrationand second-
order Runge-Kutta integration for small time steps.
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When digital computers first became practical for aircraft flight
simulation, new integration algorithms were developed in an at-
tempt to reduce computation time without sacrificing accuracy. In
1963, Pope'® proposed one such algorithm, which was called the
exponential method. This algorithm was first used to integrate the
quaternion formulation at the NASA Langley Research Center in
1973.1%7 In the aircraft community, the method is commonly known
as thelocal linearizationmethod. Because the method has been used
in aircraft flight simulation for many years butis not commonly used
elsewhere, a development of this algorithm will be presented here.

The differential equations governing the change in the compo-
nents of the quaternion e with time are given by Eq. (32). This
system of differential equations written in matrix notation is

e = [Mle (98)
where
0 —-p —q -r
1lp O r —q
M] = — 99
M=z 2 o, (99)
r g —p O

The right-hand side of Eq. (98) can be expanded in a Taylor series
aboutf=1 ande=e;

¢ = [Mle; + [M];(e — e;) + [Mie;(t —1;)
+(1/20{2[M)i (e — e)(t — 1) + [M;e;(t — 1)}

+(1/30{3[M]i(e — e)(t — 1) + [M;e; (t — 1;)°} + -
(100)

where the subscripti indicates evaluation at time f =¢;.
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Equation (100) forms the basis for the local linearization algo-
rithms that have been used to integrate the quaternion formulation.
These algorithms are based on the method proposed by Pope,'®®
which was originally called the exponentialmethod. Barker et al.'®’
first applied this method to the quaternion formulation using a first-
order approximation to Eq. (100),

¢ = [Mle; +[Mli(e—e)+[Mle,(t — 1) (101)

In an attempt to improve the local linearization algorithm, Yen and
Cook'® used the approximation

é = [Mlie; +[Mli(e —e) + [Mle;(t — t;) + [M],[M)e;(t —1,)
(102)

Equation (102) includes an approximation for the second term on
the right-hand side of Eq. (100). Within the second term, this ap-
proximation implies

(e—e)=¢é;(t—1)=[Me—1)
and
M]1=0

Because Eq. (102) completely ignores that portion of the second-
orderterm from Eq. (100) that contains [M], in general, thisequation
should not be expected to give higher-orderaccuracy than Eq. (101).
This was confirmed by the numerical results of Yen and Cook.'%

From Egs. (99) and (100), we see that a full second-orderapproxi-
mation for the right-handside of Eq. (100) would require knowledge
of the second derivative of the angularrate vector. Although the first
derivative of the angular rate vector is always available from the
equations of motion, its second derivative is not directly available
in a six-DOF flight simulation. For this reason, a complete second-
order approximationto the right-handside of Eq. (100) has notbeen
used. Because the approximation given by Eq. (102) is no more ac-
curate than that given by Eq. (101), only the local linearization
algorithm based on Eq. (101) will be presented here.

The local linearizationalgorithm of Barker et al.'®” has been used
in aircraft flight simulation for many years. This algorithm is based
on the closed-form solution to Eq. (101),

e 1 = [exp(IM1;81)]e; + {[exp(IM1;5t)] — (1]
— [M1;8t} (M1 [M1; ' [M];e; (103)

where 8t =t; .| —t;. Applying Eq. (87) to replace the matrix expo-
nential in Eq. (103) gives

e; 11 = cos(w;8t/2)e; + (2/w;) sin(w; 8t /2)[M];e;

+ [cos(@;81/2) — 11IM]; ' [M]; ' [M1ie; + [(2/a1) sin(w;d1 /2)

— 8t1[M) (M1 [M]; [M)se; (104)
From Eq. (99), it is readily shown that the inverse of [M] is
M]™' = —(4/w*)[M] (105)
and
M [M]™! = =4/ IMIIM] ™! = —(4/0”)I]  (106)

Thus, when Eq. (106) is used in Eq. (104), the local linearization
algorithm can be written as

e 11 = cos(w;8t/2)e; + (2/w;) sin(w; 8t /2)[M];e;
+(4/ )1 = cos(w;8t /2)][M;e;

+ (40?8t — (2/w;) sin(w;81/2)1 M1, [M ;e; (107)

Notice that, for the special case where [M] is constant, Eq. (107)
reduces to the exact solution given by Eq. (88).

Also note that Eq. (107) is numerically indeterminate for the
special case when w; is zero. However, when the series expansion
is used for the sine and the cosine, it is readily shown that when w;
is zero Eq. (107) reduces to

e + 8t[Mlie; + (51*/2)[M];e; + (81° /6)[M];[M ;e
(108)

(7 =
i+ w; =0

i

Furthermore, from Eq. (99) we see that when w; is zero, all 16
components of [M] are also zero. Thus, even though Eq. (108) is
not numerically indeterminate, it can be simplified to give
Civi =, € + ((Stz/z)[M]iei (109)
Equations (107) and (109) provide the foundation for the local lin-
earization algorithm.
The order of the truncation error associated with the local lin-
earization algorithm can be evaluated by using the Taylor series

expansion, which is defined in Eq. (85), for the matrix exponential
in Eq. (103). This gives

e = (I + [M1,6t + M1IM180 21+ - e,

+ {1802 [20 + - MY M [M e
or
€1 = e + [Mlie;5t + ((IM];[M); + [M];)/2!)e; 5t
+ (M1, [M); [M]; + [M];[M];)/3"}e;81> + - - - (110)

The Taylor series expansion of the exact solution is
eip1 =e; + &8t + (6/2)81° + (€ /311 + - - (111)
From Eq. (98) we have
e; = [M]e; 112)

é = [Ml;é; + [Mle; = {[MI;[M]; + [M):}e;  (113)

€ = [M1é; + 2[Mé; + [Ml;e; = (IM];,IM1;[M); + [M];[M];
+2[M;[M]; + [M]; }e; (114)

Using Egs. (112-114) in Eq. (111) gives

i1 = e + [Mle;5t + (IM];[M]; + [M];)/2")e;81
+{(IMY[M];[M]; + [M);[M];

+2[M1;[M]; + [M1;)/3}e; 88 + - - - (115)

When the exact expansion from Eq. (115) is compared with the ex-
pansionof the local linearizationalgorithmthatis givenby Eq. (110),
the local truncation error for this algorithm is found to be

R = {QIM):IM]; + [M],)/3!}e; 8% + OGt*) + - (116)

Thus, the method produces third-order truncation error with com-
ponents proportional to both the first and second derivatives of the
angular rate vector. It does not provide an exact solution, except for
the special case of constantrotation. Because the truncation error is
of order 8¢3, the local linearization method provides second-order
accuracy in a single-point, single-step, integration algorithm.

A more widely known integration method, which was also de-
veloped to reduce computation time over that required for fourth-
order Runge-Kutta, is fourth-order Adams-Bashforth-Moulton
(seeRef. 161). This commonly used numericalintegrationscheme is
a four-point, two-step, backward-difference method. Because four
starting values are required, the method must be started using a
single-point method such as fourth-order Runge-Kutta. However,
after the first three time steps, this method requires evaluating the
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Fig. 13 Comparison between second-order Runge-Kutta, second-
order local linearization, fourth-order Runge-Kutta, and fourth-order
Adams-Bashforth-Moulton integration.

time derivativesonly twice for each time step. This provides fourth-
order accuracy similar to that provided by fourth-order Runge-
Kutta, butata computational costsimilar to thatrequired for second-
order Runge-Kutta. Because the development of the fourth-order
Adams-Bashforth-Moulton algorithm is presented in most under-
graduate textbooks on numerical methods, it will not be repeated
here.

In general, simulation error can be reduced by either reducing
the size of the time step or by increasing the order of the inte-
gration method. Both require greater computation time. Figure 13
shows how total error varies with step size for four different inte-
gration algorithms, second-order Runge-Kutta, second-order local
linearization, fourth-order Runge-Kautta, and fourth-order Adams—
Bashforth-Moulton. The results shown in Fig. 13 were obtained
from numerical integration of the quaternion formulation for the
special case of a sinusoidal rotation vector,

Wqx SIN(W px 1)

p
q ¢ = | @ay Sin(wy, 1)
r Wqz Sin(@ 1)

The error was defined relative to a fourth-order Runge-Kutta solu-
tion using very small time steps. As expected, the fourth-orderalgo-
rithms produce less error for a given time step than do the second-
orderalgorithms. However, the higher-orderalgorithms also require
a greater number of computation cycles for each time step. For this
reason, it may not be directly obvious which of the four methods
will result in the fastest computation for a given level of accuracy.
The second-orderlocal linearization algorithm requires only one
cycle of computation for the aerodynamic forces and moments at
each time-step. The second-order Runge-Kutta algorithm and the
fourth-order Adams-Bashforth-Moulton algorithm each requires
two computation cycles per time step, whereas the fourth-order
Runge-Kutta algorithmrequires four. For the same simulations that
were used to produce Fig. 13, the number of computationcycles per
simulated second are shown as a function of step size in Fig. 14.
Because computation time depends on the method of integration
as well as the step size, Fig. 13 does not present a fair comparison
of the error produced by the four algorithms. Because computation
time is proportional to the number of computation cycles per simu-
lated second, a better comparisonis shown in Fig. 15. In Fig. 15, the
total simulation error is plotted as a function of the number of com-
putation cycles per simulated second. From Fig. 15, it is seen that
fourth-order Adams-Bashforth-Moulton produces the smallest er-
ror for a given level of computation. Furthermore, it can be seen that
asimulationusing fourth-orderRunge-Kutta is only slightly less ef-
ficient than one using fourth-order Adams-Bashforth-Moulton. In
addition, Fig. 15 shows that the second-orderalgorithms are much
less efficient than either of the fourth-order algorithms. These low-
order algorithms should not be used, unless for some other reason

ZOOA'l\‘-|HH|-H'|H‘-7
\ | —— Second-order R-K
150 '_| \ — — Second-order LL
:\ ) —— - Fourth-order R-K
\ \ —— Fourth-order A-B-M
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Fig. 14 Computation cycles per simulated second as a function of step
size for four numerical integration algorithms.
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Fig. 15 Simulation error as a function of computation cycles per sim-
ulated second for four numerical integration algorithms.

very small time steps are required. The maximum total error shown
in Figs. 13 and 15 was computed using

Wy = Wyy = W, = Wy, = W5, = Wy, = 1.01ad/s

The absolute magnitude of the error shown in Figs. 13 and 15
depends on the angular rates. However, the relative comparison be-
tween the errors realized by the four different numerical methods is
independent of these angular rates.

Conclusions

Among some fraction of the aircraft community, the quaternion
formulation has gained the somewhat undeserved reputation of be-
ing hard to understand. This reputation has more to do with the
scattered nature of the literature on this topic, particularlyin aircraft
journals and textbooks, than it does with the raw complexity of
the quaternion formulation itself. Information from over 160 refer-
ences, pertinentto attitude kinematics, was assembled in an attempt
to provide a clearer understandingof the quaternionformulation. To
this end, a systematic development of the kinematic transformation
equationsin terms of Euler angles, direction cosines, the Euler axis
rotation parameters, and the Euler-Rodrigues quaternion was pre-
sented. The kinematic equations, including the gravitational vector
and the effects of wind were presented for these four attitude repre-
sentations. The singularitiesin the both the Euler angle formulation
and the Euler axis formulation were discussed. Because the physical
interpretationof the Euler-Rodrigues quaternion is much less intu-
itive than that associated with Euler angles, relationships between
the quaternion and the other attitude descriptors were presented.

To avoid the perceived complexity of the quaternion formulation,
the aircraft community has often implemented either the direction-
cosine formulation or the Euler angle formulation for attitude de-
scription in aircraft flight simulators. This has been done at signif-
icant computational cost. In addition to eliminating the singularity
in the Euler angle formulation, the quaternion formulation is far
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superiorto either the Euler angle formulationor the direction-cosine
formulation, based on computational efficiency alone. Numerical
integration of the nine component direction-cosine formulation re-
quires more than double the computation time needed for the four-
component quaternion formulation. Utilizing quaternion algebra, it
was shown that the Euler angle transformation requires about 11
times as long to evaluate as the quaternion transformation. Conse-
quently,even in cases where the aircraftis not an all-attitude vehicle
and the gimbal lock singularity is not encountered, the quaternion
formulation provides important computational savings that should
be seriously considered.

To take full advantage of the speed and accuracy of the Euler-
Rodrigues quaternion formulation, it is necessary to give some con-
sideration to the numerical method used to integrate the kinematic
equations. Early aircraft flight simulations were run on analog com-
puters that were inherently first order. Numerical integration of the
quaternion rate equations with a first-order method results in very
large errors. Early analog programmers observed a similar behav-
ior and employed an error reduction scheme, which in this paper
is called Corbett-Wright*® orthogonality control. This orthogonal-
ity control is still found in some aircraft simulation codes that are
in use today. Integration with any of today’s prevalent fourth-order
numerical methods produces very little orthogonality error. Using
the Corbett-Wright orthogonality control scheme with modern nu-
merical algorithms increases the computational time but does little
to improve the accuracy of the simulation.

Even though the orthogonality error for modern numerical algo-
rithms is very small, it can accumulate. Periodic renormalization of
the quaternion eliminates this error. The Corbett-Wright*® orthog-
onality control scheme will also eliminate the growth of the orthog-
onality error, but it does not eliminate the drift error. In some cases,
for certain values of the Corbett-Wright gain coefficient, the drift
error is increased by more than the orthogonality error is reduced,
which actually increases the total error for the simulation. Periodic
renormalization of the quaternion provides a computationally effi-
cient means for controlling orthogonality error without increasing
the drifterror, butitdoes noteliminatedrifterror. If the orthogonality
error is controlled, a small amount of drift error does not adversely
affecta flight simulator becauseit is constantlybeing corrected with
virtuallyimperceptiblepilotinput. The pilot’s perceptionof the drift
error is similar to that caused by an infinitesimal change in the aero-
dynamics of the aircraft. The orthogonalityerror, on the other hand,
has no counterpartin the physical world and cannotbe compensated
for by the pilot. Reductionin size of the time step and/or increasing
the order of the integration are the only effective ways to reduce
total error.
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